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Einstein energy-momentum complex for a phantom black hole metric∗
P. K. Sahoo†, K. L. Mahanta‡, D. Goit§, A. K. Sinha¶, S. S. Xulu ∗∗, U. R. Das††, A. Prasad‡‡ and R. Prasad§§
National Institute of Technology, Patna 800005, Bihar, India.
In this paper we calculate the energy distribution E(r) associated with a static spherically sym-
metric non-singular phantom black hole metric in Einstein’s prescription in general relativity. As
required for the Einstein energy-momentum complex, we perform calculations in quasi-Cartesian
coordinates. We also calculate momentum components and get zero values as expected from the
geometry of the metric.
PACS numbers: 04.20.Jb, 04.20.Dw, 04.20.Cv, 04.70 Bw
I. INTRODUCTION
Since the beginning of the Einstein’s theory of gen-
eral relativity (GR), there are several known important
issues; e.g., the missing matter cosmology problem and
the energy-momentum localization in curved spacetimes,
that are still in doubt and possess non-specific solutions.
Nevertheless, there is a wide range of attempts for sev-
eral researchers to beat these problems, using various
hypotheses and tools. In GR (that is, in curved space-
times), the partial derivative of the usual local conser-
vation equation T ki,k = 0 valid in Minkowski spacetime
is replaced by a covariant derivative. T ki , the energy-
momentum tensor of matter and all non-gravitational
fields, no longer satisfies T ki,k = 0 in presence of grav-
itational field. The contribution from the gravitational
field is now required to construct an energy-momentum
expression which satisfies a local conservation law.
Einstein solved this problem and suggested an expres-
sion for energy-momentum distribution (for a great de-
tail, see in [1]). Despite his work was criticized by a few
physicist (e.g., notably by Pauli), he justified that his
energy-momentum complex provides convincing results
for the total energy and momentum of isolated systems.
Later, many physicists including Tolman[2], Landau and
Lifshitz[3], Weinberg[4], Papapetrou[5], and Bergmann
and Thomson[6] suggested alternative expressions for
the energy-momentum distribution. The main problem
with all these definitions is that they are coordinate-
dependent. One can however obtain meaningful results
for the total energy and momentum of isolated systems
only when calculations are performed in quasi-Cartesian
coordinates. These complexes are also called pseudoten-
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sors because they are not tensorial objects. Komar[7] and
Penrose[8] though constructed coordinate-independent
definitions of energy and angular momentum, their ap-
proach were restricted only to a limited class of metrics.
Therefore, the coordinate-independent approaches did in
fact worse.
In 1990, Virabhadra’s seminal papers shook the no-
tion that energy-momentum complexes could give sensi-
ble results only for the total energy of isolated systems.
Virbhadra[9] showed that several energy-momentum
complexes give the same energy-distribution for the Kerr-
Newman metric. In this context, Virbhadra and his
collaborators[10] studied many spacetimes and obtained
energy distributions for those. Nathan Rosen (an emi-
nent collaborator of Albert Einstein) and Virbhadra[11]
studied energy and momentum distributions in Einstein-
Rosen cylindrically gravitational waves. To a great sur-
prise, several complexes produced same results though
this metric is not asymptotically flat. Aguirregabiria
et al.[13] showed that several coordinate-dependent def-
initions give the same energy and momentum distri-
bution for any metric of Kerr-Schild class. In 1999,
Virbhadra[14] proved that various energy-momentum
complexes coincide not only for the Kerr-Schild class met-
rics, but for a class of solutions much more general than
that. This includes asymptotically flat as well as non-flat
spacetimes.
The problem of energy-momentum localization in GR
gained a new point of view with the result studied
by Virbhadra and his collaborators. Using Einstein
energy-momentum complex, Rosen[12] found that the
total energy is zero for a closed homogeneous isotropic
universe described by a Friedmann-Robertson-Walker
(FRW) metric. Johri et al. [15], using the Landau and
Lifshitz energy-momentum complex, showed that the to-
tal energy of an FRW spatially closed universe is zero
at all times irrespective of the equations of state of the
cosmic fluid. They also showed that the total energy en-
closed within any finite volume of the spatially flat FRW
universe is zero at all times.
Many authors tried to solve energy-momentum local-
ization problem using different spacetimes and differ-
ent energy-momentum prescriptions and they obtained a
plethora of important results (see [16–18] and references
therein). Xulu studied several spacetimes (asymptoti-
cally flat as well as non-flat). He obtained the energy
distribution of a charged dilaton black hole and Melvins
magnetic universe. Papapetrou and Weinberg complexes
for the anisotropic Bianchi type I space time were inves-
tigated by Xulu.
2Radinschi used Landau-Lifshitz and Papapetrou
energy-momentum solutions for Bianchi type V I0 space-
time. Later, she obtained results for the same metric
using Tolman, Bergmann-Thomson and Møller energy-
momentum complexes. Loi and Vargas studied energy
localization for Bianchi I and II universes in teleparal-
lel gravity. Aydogdu investigated Einstein and Landau
and Lifshitz energy-momentum complexes for Bianchi
type-II universe in GR. Aydogdu and Salti used Ein-
stein Bergmann-Thomson prescriptions for Bianchi type-
V metric in general relativity and teleparallel grav-
ity. Andrade et al.[19] obtained a conserved energy-
momentum gauge current in the context of a gauge the-
ory for translation group.
Recent analysis of type Ia supernovae, cosmic mi-
crowave background anisotropy and mass power spec-
trum observations favor the negative values of the equa-
tion of state parameter ω for the dark energy [20]. Con-
sidering the equation of state parameter of accustomed
quintessence models with positive kinetic energy it is not
possible to derive the aforesaid order of ω. Therefore,
many authors [21] studied the phantom field models with
negative kinetic energy to achieve this regime of ω. If this
candidate of dark energy is part of the real field content
of the large scale structure of the Universe, it is natu-
ral to look for its manifestation in the study of black
holes. The exact solution of black holes in phantom field
is called phantom black holes. Gao and Zhang [22] dis-
cussed the cosmological aspects of the phantom black
hole and phantom field. Babichev et al. [23] studied the
accretion of phantom fluid onto a black hole. Bronnikov
and Fabris investigated the physics of neutral phantom
black holes and presented some interesting results [24].
Ding et al.[26] studied the influence of phantom fields on
strong gravitational lensing.
The purpose of this paper is to calculate the energy
and momentum distributions in a phantom black hole
spacetime in Einstein’s prescription. Here, we use the
convention that Latin indices take values from 0 to 3
and Greek indices run from 1 to 3. As usual in general
relativity papers, we also use G = 1, c = 1 units.
II. PHANTOM BLACK HOLE METRIC
The Bronnikov-Fabris phantom black hole metric[25],
expressed by Ding et al.[26] in a neat form, is
ds2 = f(r)dt2 − dr
2
f(r)
− (r2 + p2)(dθ2 + sin2 θdφ2) (1)
with
f(r) = 1− 3M
p
[(
pi
2
− arctan r
p
)(
1 +
r2
p2
)
− r
p
]
, (2)
where M is a mass parameter defined in the usual way
and p is a positive constant termed as the phantom
constant[26] (Symbol p is meant for phantom.) Ding et
al.[26] explained that for M = 0, the metric represents
Ellis wormhole.
In order to calculate energy and momentum com-
ponents, we transform the line element (1) to quasi-
Cartesian coordinates t, x, y, z using the following trans-
formation:
x = r sin θ cosφ,
y = r sin θ sinφ,
z = r cos θ. (3)
The line element (1) becomes
ds2 = f(r)dt2 − r
2 + p2
r2
(dx2 + dy2 + dz2)
−
(
1
f(r)
− r
2 + p2
r2
)(
xdx + ydy + zdz
r
)2
(4)
where
r =
√
x2 + y2 + z2. (5)
The determinant of the metric tensor gik is
g = −
(
1 +
p2
r2
)2
. (6)
and 10 independent contravariant components of the
symmetric metric tensor (gik = gki for all values of i, k)
are
g00 =
1
f
,
g11 =
−
(
p2 + r2
)
fx2 −
(
r2 − x2
)
r2
(p2 + r2) r2
,
g22 =
−
(
p2 + r2
)
fy2 −
(
r2 − y2
)
r2
(p2 + r2) r2
,
g33 =
−
(
p2 + r2
)
fz2 −
(
r2 − z2
)
r2
(p2 + r2) r2
,
g01 = 0,
g02 = 0,
g03 = 0,
g12 =
(
r2 −
(
p2 + r2
)
f
)
xy
(p2 + r2) r2
,
g23 =
(
r2 −
(
p2 + r2
)
f
)
yz
(p2 + r2) r2
,
g31 =
(
r2 −
(
p2 + r2
)
f
)
xz
(p2 + r2) r2
. (7)
III. EINSTEIN ENERGY-MOMENTUM
DEFINITION IN GR
A thorough study by Virbhadra [14] revealed that the
Einstein energy-momentum complex gives the most re-
liable energy distribution and therefore we will use the
same definition in this paper. The energy-momentum
complex of Einstein is [1]
Θki =
1
16pi
Hkli,l, (8)
where
Hkli = −H lki =
gin√−g
[
−g
(
gknglm − glngkm
)]
,m
. (9)
3Θ00 and Θ
0
α denote for the energy and momentum den-
sity components, respectively. (Virbhadra[14] men-
tioned that though the energy-momentum complex found
by Tolman differs in form from the Einstein energy-
momentum complex, both are equivalent in import.)
Θki satisfies the covariant local conservation laws:
∂Θi
k
∂xk
= 0. (10)
The energy-momentum components are expressed as
Pi =
∫ ∫ ∫
Θ0i dx
1dx2dx3. (11)
Pα gives momentum components P1, P2, P3 and P0 gives
the energy. Using Gauss’s theorem in above, one can get
Pi =
1
16pi
∫ ∫
H0αi ηα dS, (12)
where ηα is the outward unit normal vector over the in-
finitesimal surface element dS. In order to obtain energy,
we obtain only 3 components of Hkli :
H010 =
2x
(
fp2 − fr2 + r2
)
r4
,
H020 =
2y
(
fp2 − fr2 + r2
)
r4
,
H030 =
2z
(
fp2 − fr2 + r2
)
r4
. (13)
We use (13) in (12) and get the energy distribution:
E(r) =
f
(
p2 − r2
)
+ r2
2r
, (14)
where f is defined in equation (2). E(r) is the total (mat-
ter plus gravitational field) energy within radius r. Sim-
ilarly, momentum is the total momentum due to matter
and gravitational field both.
Similarly, in order to obtain momentum components,
we calculate H011 , H
02
1 , H
03
1 , H
01
2 , H
02
2 , H
03
2 , H
01
3 , H
02
3 ,
and H033 .
H011 = H
02
1 = H
03
1 = 0,
H012 = H
02
2 = H
03
2 = 0,
H013 = H
02
3 = H
03
3 = 0. (15)
We use equation (15) in equation (12). As expected
for a static metric, we get momentum components:
Px = 0,
Py = 0,
Pz = 0. (16)
Now, we plot graphs (refer to figures 1 and 2) to ana-
lyze the nature of energy distribution E(r) [see equation
(14)] as the radial distance and phantom constant in-
crease while we keep the mass parameter fixed. In figure
1, we plot the ratio of the energy to the mass E(r)/M
against the ratio of the radial distance to the mass r/M
for 4 different values of the ratio of phantom constant and
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FIG. 1: This figure shows the ratio of the energy to the mass
E/M vs. the ratio of the radial distance to the mass r/M for
several values of the ratio of phantom constant to the mass
parameter p/M = 1 (black), 2 (red), 3(orange), and 4 (blue).
As r/M approaches infinity, E/M tends to 1.
FIG. 2: In this 2-dimensional surface plot, the ratio of the
energy to the mass parameter E/M is plotted against the
ratio of the radial distance to the mass r/M and the ratio of
phantom constant to the mass parameter p/M .
the mass parameter p/M . We maintain the total mass
parameter M constant. These curves have the same hor-
izontal asymptote E/M = 1. This tells that as r → ∞,
E(r) → M . If we maintain p constant, the energy con-
tent E(r) decreases with decrease in the radial distance
r. This exhibits that phantom field has negative energy.
We further find that, with fixed r/M , E/M is bigger for
larger value of phantom constant. It is very exciting to
note that the decrease rate of E(r) with increase in r is
higher for smaller values of the phantom constant. In
surface plot (refer to figure 2), these results are exhibited
more elegantly.
4IV. DISCUSSION AND CONCLUSION
There have been some different considerations concern-
ing with spherically symmetric systems in the frame-
work of energy momentum localization. Misner et al
(see in [27]) concluded that energy can be localized only
for spherically symmetric systems. Cooperstock and
Sarracino[28] however opposed that idea and stated that
localizability of energy cannot depend on gemetry of
spacetime. The energy-momentum complexes are non-
tensorial under general coordinate transformations and
are restricted to their uses in quasi-Cartesian coordinates
only. Pioneered by Virbhadra, numerous scientists from
all over the world did a lot of work showing that energy-
momentum complexes are indeed very useful tools in gen-
eral relativity.
One could ask why should we study energy distribu-
tion in a spacetime. The answer is that, by knowing
energy-momentum distributions, we get an excellent idea
of the spacetime. As it is already discussed by others,
it gives a good idea of effective gravitational mass of
the object causing spacetime curvature. In addition, it
gives an intuitive feeling about the gravitational lensing
in that spacetime. Negative energy region is likely to
serve as a divergent lens and positive energy region as a
convergent lens. The analysis of energy distributions in
spacetimes helped Virbhadra discover excellent lensing
phenomena[29]. For illustration, our analysis in this pa-
per proves that phantom causes negative energy and this
is why when we increase r, the energy content E(r) de-
creases. Thus, our analyses indicate that phantom field
would cause repulsive effects to causal geodesics. This is
really an exciting and important result.
In this paper, we calculated energy and momentum
distributions in the Einstein prescription for phantom
black hole metric in quasi-Cartesian coordinates. Further
work towards the investigation of the energy-momentum
for the phantom black hole spacetime is required. Other
prescriptions must be used and compared. These calcu-
lations are very lengthy and time taking, and work is in
progress.
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